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Abstract. We consider the market of n financial agents who aim to increase their utilities by 
efficiently sharing their random endowments. Given the endogenously derived optimal sharing 
rules, we address the situation where agents do not reveal their true endowments, but instead 

> 

r^j- they report as endowments the random quantities that maximize their utilities when the sharing 

rules are applied. Under mean-variance preferences, it is shown that each agent should share 
only a fraction of his true endowment and report that he is exposed to some endowment he does 
not possess. Furthermore, if all agents follow similar strategic behavior, the market equilibrates 

O 

at a Nash-type equilibrium which benefits the speculators and results in risk sharing inefficiency 
This agents' strategic behavior, when applied to oligopoly markets of exogenously given financial 
securities, changes the effective market portfolio and implies a price pressure on the traded 
securities in the CAPM. 



Keywords: Optimal risk sharing, risk sharing games, Nash equilibrium in risk sharing, oligopoly financial 
markets, variations of CAPM. 
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1 Introduction 



The concept of risk sharing is central in a large variety of financial fields ranging from structured finance 
to insurance and derivative trading. Its importance stems from the fact that investors, credit institutions 
and insurers find that sharing of investment random payoffs, defaultable incomes and insurance liabilities is 
often mutually beneficial in terms of reduction of risk exposures. The search for the best way to share risk 
is connected to financial innovation, in the sense that such sharing is fulfilled by designing and trading new 
financial securities. 

The large majority of the growing body of research on complete and incomplete risk sharing markets 
assumes that agents act as perfect competitors and the induced equilibrium is of Pareto type. However, when 
trading of securities consists of few agents or when some of them have strong market power, the actions of 
each individual one clearly influence the outcome of the market. Market models that do not take into 
account this fact lead to equilibria that overestimate the efficiency of this market (and using the terminology 
of Hcllwig (1980) and Kyle (1989), they require agents to behave "schizophrenically" by ignoring that their 
ability to affect the market). If we assume that agents do exploit their impact on the way the risk is shared, 
the equilibrium is different and the efficiency is reduced, since we go from Pareto to Nash-type equilibria. 
Although there is an extended literature studying a variety of different risk sharing markets, this important 
aspect has not been addressed. In this paper, we attempt to fill this gap by modelling the strategic behavior 
of agents when they share risk and analyzing the equilibria that occur as the outcome of these strategies. 

We distinguish two settings under which participants share their risky endowments: the unconstrained 
and the constrained one. The former refers to the notion of optimal risk sharing in which agents complete the 
market by designing and trading financial securities that span the whole randomness of their endowments. 
Alternatively, a (partially optimal) risk sharing takes place when they trade at equilibrium a set of given 
securities whose payoffs are correlated to their endowments. Following the terminology of Magill and Quinzii 
(1996), we call this risk sharing transaction constrained risk sharing to emphasize that agents partially share 
their random incomes only by trading an exogenously given vector of financial securities and not the incomes 
themselves. 

The optimal risk sharing problem is finding new financial assets which span the randomness of agents' 
endowments and whose allocation brings them to a Patero optimal condition (see the seminal works of 
Borch (1962, 1968), Wilson (1968), Demange and Laroque (1995) and the surveys of Allen and Gale (1994) 
and Duffie and Rahi (1995)). Motivated by the growing financial innovation and the ensuing increased 
establishment of new financial assets, many researchers have studied several theoretical aspects of risk sharing. 
For example Athanasoulis and Shiller (2000) point out the importance in terms of social welfare of sharing 
the whole aggregate endowment of an economy (even in a worldwide scale), Willen (2005) studies the changes 
of the prices of the existing assets when the risk sharing is facilitated by new financial assets and Acharya 
and Bisin (2005) focus on the effect of the restricted participation on the incomplete risk sharing market. ^ 

lr The challenging mathematical problem of the existence of the efficient allocations and the determination of the factors 
that characterize them have been recently studied by many authors under quite general preferences and market models (see 
among others Barrieu and El Karoui (2005), Jouini et al (2008), Dana (2011) and the references therein). 
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However, this literature has paid no attention to the realistic situations in which agents are able to affect 
the market equilibrium and, in order to exploit this ability, they act strategically. As mentioned above, this 
is a crucial part of modelling risk sharing transactions when the number of participating agents is relatively 
small and their market should be considered as oligopoly, rather than perfect competition. In the first part of 
this paper, we focus on an one-shot risk sharing market and model the agent's strategy by asking: How much 
risk should an agent share? In our line of arguments, it is supposed that agents agree on the sharing rules 
that optimally allocate the submitted endowments (that is the solution of the optimal risk sharing problem) . 
We then take the position of an individual agent who has learned the endowments the other agents are going 
to share. Since his criterion is the maximization of his (individual) utility, it is reasonable to assume that he 
is not going to reveal and hence share his true endowment, but rather he is going to report as endowment 
the random payoff that maximizes his utility when the optimal rules are applied. Adapting the analogous 
game theory terminology, we call this reported random variable the agent's best endowment response (which 
in principle depends on the mechanism of the optimal sharing rules and the endowments of the rest of the 
participants in the market).^ 

Under mean-variance preferences, it is shown that it is almost never optimal for an agent to reveal his 
true risk exposure. Instead, his best endowment report is the sum of only a fraction of his true endowment 
and a proportion of the rest of the agents' aggregate endowment. In other words, according to this strategic 
behavior, an agent should report that he is exposed to risk he does not possess and only a part of the risk he 
does possess. Although the structure of the optimal contracts is unaffected, the associate cash transfers are 
influenced since the equilibrium prices depends the submitted risks. One of the interpretation of this strategy 
is that by submitting such exposures, he decreases the supply of the contracts he goes short and decreases 
the demand of those he goes long (a strategy that has direct desirable consequences on the equilibrium 
prices). The agent leaves more of his risk exposure unhedgeable but he gets in exchange better cash transfer. 
As expected, this behavior is more intense for agents with low risk aversion and furthermore the difference 
between the best response and the true endowment goes to zero as agent becomes more and more risk averse. 

Reporting of the best endowment response however may be disadvantageous for reasons beyond the 
utility maximization criterion. For example, some of the other agents' endowment may be of a special type 
(investment payoff based on certain business, large short position on certain credit derivatives, incomes 
from defaultable bonds etc). If an agent reports that he is exposed to those risks, the conditions of the 
collaboration with the other agents may be deteriorated, in the sense that they will consider him more as 
a speculator than a hedger (and thus his participation decreases the efficiency of the sharing). In these 
situations, agent can alternatively restricts his choice to the percentage of his true endowment that he is 
going to submit for sharing. As before, the optimal percentage of his true endowment, which shall be called 
best percentage response, is the one that maximizes his utility after the transaction of the optimal financial 
assets. As proved in Section [3j this percentage is almost never equal to one and it can well be zero or even 

2 Recently, there is a number of papers studying the game theoretic structure of risk sharing and security markets. The 
majority of these papers focuses on the so-called adverse selection problem of the principle agent in risk sharing games (see for 
instance Page and Monteiro (2003, 2007) and Horst and Moreno-Bromberg (2008, 2012)). 
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higher than one. The main factor that determines its value is the correlation between the true endowment 
and the other agents' aggregate endowment (higher correlation implies higher percentage). For example, 
an agent takes only speculator position (he doesn't submit any risk exposure) if this correlation is negative 
enough and other agents' endowments are very risky (when the risk is measured by variance). The underlying 
idea of this strategy is that the agent exploits the intense hedging demand of the other agents and gets better 
cash compensation. On the other hand, in the case of positive correlation, the agent may report overexposure 
to his endowment and sell short more than he owns in order to end up with a position of low variance. 

The next question that one should ask is whether and how the market equilibrates when all agents 
follow the aforementioned types of strategies. Given the mechanism that share endowments, each agent 
reports the endowment that is willing to share (the one indicated by the best response). Since the reported 
endowment of each of them depends on the aggregate reported endowment of the others, agents will proceed 
to a sequel of negotiation about their "share-to-be" endowments, and the (Nash) equilibrium will be achieved 
at the point where this renegotiation reaches a fixed point. In situations where the number of agents is not 
sufficiently large to justify the setting of perfect competition, this market equilibrium is much more suitable. 
These markets should be considered as oligopolies and their equilibrium is the outcome of agents' reactions 
when each one acts according to his own optimization criterion. Although the strategic market games have 
captured a large research (see for instance Giraud (2003), Giraud and Weyers (2004) and the references 
therein), to the best of our knowledge, the rich literature in financial risk sharing has not modelled such 
situations.^ 

In Section |4j we define the Nash risk sharing equilibrium and provide its characterization under mean- 
variance preferences. The Nash equilibrium differs to the Pareto one in a number of aspects. First, the 
aggregate shared endowment (also called effective) is equal to the true aggregate endowment if and only if 
agents are homogeneous (all have the same risk aversion coefficient). Even in this case however, the risk 
allocation rules are different from the optimal ones in any non trivial cases. Although in Nash equilibrium 
the aggregate utility is reduced, for agents with sufficiently low risk aversion this transaction gives higher 
utility, when compared to the Pareto equilibrium transaction. In other words, this strategic game is more 
preferable for agents closer to risk neutrality and the speculators. Therefore, the utility loss of an agent that 
is caused by the Nash game is higher when he shares his risk with less averse agents. 

On general, when an agent wants to share his risk exposure he should do so with agents with sufficiently 
different endowments and with high risk aversion levels (that is he should prefer hedgers than speculators). 
If the risky portfolios that are going to be shared are not very distinct (i.e., their correlations are positive), 
then the agents will prefer to trade with agents of at least the same risk aversion. Eventually, for transactions 
that involve transfer of low risk, agents tend to form subgroups of homogeneous only participants, where the 
utility loss is equally shared among them. 

3 In Rahi and Zigrand (2009) a security design game played among arbitrageurs is introduced and analyzed. The induced 
Nash equilibrium is optimal for the arbitrageurs regarding their profits from the mispricings across different market segments. 
Although the arbitrageurs' strategic behavior has some common features with the model presented here (e.g., it refers to 
maximization of quadratic utility functions), the game is played on different field (arbitrageurs imperfectly compete on the 
profits that come as a result of segmented markets and they do not share any risky exposure). 
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The fact that the aggregate utility is less than its maximum value means that the allocation of risk is 
inefficient. Following the related literature (see among others Acharya and Bisin (2005)), we define as risk 
sharing inefficiency the difference between the aggregate utility at the optimal risk sharing and the aggregate 
utility when the strategic game is played among agents. This inefficiency is strictly positive and approaches 
zero as the number of agents increases to infinity. 

A similar Nash-type of equilibrium holds in the case where agents' best responses are the percentage of 
their true endowments. The only difference is that agents negotiate only the size of the endowment that 
are going to share and not its direction. As before, there are specific situations where agents prefer this 
renegotiation game (see for example Figures [3] and |4| . In general though, the agents with low risk aversion 
gets higher utility and a similar interaction of the risk aversion coefficients holds and implies the eventual 
formation of sub-markets of homogeneous agents. 

However, there are rare real-world situations where the transactions indicated by the optimal risk sharing 
rules are feasible. There is a number of exogenous reasons for this, such as the strict regulation in OTC 
markets (see for instance the related discussions in Awrey (2010), Duffie and Zhu (2011) and de Meijer 
and Wilson (2010)) and the important transaction costs (see among others Willen (2005) and Athanasoulis 
and Shiller (2000)). In these cases, agents can indirectly share their risks not by designing and pricing new 
(optimal) contracts, but instead by trading an exogenously given vector of standardized securities (such as 
derivatives, structured bonds, standard reinsurance contracts etc) and hence exploit in a way their correlation 
with their portfolios. Thus, the sharing market is constrained and its one-shot equilibrium trading refers 
to the prices and allocations of the securities that clear out the market. Under mean-variance preferences, 
this Pareto equilibrium coincides with the Capital Asset Pricing Model (hereafter CAPM) (see Magill and 
Quizii (1996) or Willen (1997) for an overview and Vanden (2004) for its extension under nonnegative 
wealth constraints and presence of options)^ An initial result about this equilibrium is that the utility of 
each agent after the optimal risk sharing transaction is always higher than the utility after the equilibrium 
transaction of a constrained market (for any given vector of securities that doesn't belong in the span of 
agents' endowments). In other words, all agents suffer some utility loss when the risk sharing is constrained. 

When the agents take advantage of their ability to influence the prices, the demand schedule of each one 
may heavily affect the equilibrium price/allocation of the tradable assets which gives to the agents a strong 
motive to act strategically. We model the agents' strategic behavior in this setting by following similar 
arguments with the ones discussed above. More preciously, we consider an individual agent who learns the 
aggregate demand schedule of the rest of the agents^] and we ask: Which is his best equilibrium prices of 
the tradeable securities given the demand of the rest of the agents? As before, the word "best" corresponds 
to the maximization of his quadratic utility. The agent then submits the specific demand function (called 
best demand response) that makes the market equilibrate at his preferable prices. The main idea of this 

4 For the form of this equilibrium under general preferences, we refer the reader to Anthropelos and Zitkovic (2010), Horst 

et al (2010) and Cvitanic et al (2011). 

5 Under the mean-variance preferences, the demand schedules are linear and hence a demand function can be inferred by 

knowing only one value of it and the associated risk aversion level. 
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market manipulation model is the one introduced in the seminal work of Kyle (1989). In this paper, Kyle 
distinguishes the agents to informed and uniformed speculators and examines how the market equilibrium 
is formed when they act after taking into account their impact on the prices. In his model, the reason 
that drives the agents to trade is the exploitation of the different information on a single tradeable asset. 
In the present paper however, it is the agents' different random endowments that make them proceed in 
transactions aiming to reduce their risk exposures. In Section [3j it is shown that this best response problem 
is closely related to the best endowment response one. In particular, the best response demand of an agent 
is the one that he would ask if his endowment were equal (up to constants) to his best endowment response 
(a fact that holds for any vector of tradeable assets). 

If all agents follow this strategy in order to drive the market prices, the induced equilibrium is of Nash 
type and has the same theoretical structure as the Nash endowment equilibrium. As in the setting of Kyle 
(1989), agents submit their demands for the tradable assets in a way that looks like a Walrasian auction. 
Each agent's reported demand makes the market equilibrate at his preferable prices given on the others' 
aggregate demand. Then another agent resubmits his demand based on the new aggregate demand and the 
auction ends when none of them has a motive to change the prices. Under mean-variance preferences, this 
Nash equilibrium can be considered as a variation of the CAPM, when the securities market is an oligopoly 
and each agent affects the price by renegotiating his demand function. There are many examples where 
this way of modelling security equilibrium prices is more suitable. In fact, every primary security trading, 
OTC derivative transaction involving agents with strong market power and negotiations of private placement 
investments should include a similar strategic behavior applied by the participants. 

Since the best demand response of each agent is the one that corresponds to his best endowment response, 
it is reasonable to assume that the Nash equilibrium prices will be connected with the Nash risk sharing 
equilibrium. Indeed, the covariance part of the prices in CAPM is changed since the considered aggregate 
endowment (the so-called market portfolio) equals to the effective aggregate endowment in the Nash endow- 
ment game. This implies that the Nash equilibrium price coincides with the Pareto equilibrium price if and 
only if agents are homogeneous. Even in this case however, the Nash equilibrium allocation has less volume, 
a fact that decreases the aggregate utility. Furthermore, we are able to provide an exact measure of the 
price pressure that is caused as a result of the game played among agents. For example, an intense upward 
price pressure occurs when the agents with high hedging demand have also high risk aversion. Similarly 
to our previous Nash equilibria, speculators benefit from the Nash game (especially when the demand of 
hedgers is intense). These agents would prefer to trade these assets with agents with higher or at least 
equal risk aversion in order to improve their utility transaction outcomes. As argued above, if the volume 
of the transactions are small (something that stems from similar or low risk endowments) agents will tend 
to trade in separated sub-markets that consist only of homogeneous participants. Finally, as it is expected, 
the differences of Nash and Pareto equilibrium vanishes as the number of agents increases to infinity. 

The paper proceeds as follows: Section [2] introduces the market model, the agents' decision criteria, the 
induced demand functions for any vector of securities and the Pareto equilibria in constrained and uncon- 
strained risk sharing markets. Section [3] establishes the strategic behavior of each individual agent regarding 
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the risk that he should share in three different market settings. The induced risk sharing equilibria when 
all agents follow similar strategies are defined and discussed in Section |4j We summarize the contributions 
of the paper in Section [5j For the reader's convenience, the proofs are omitted from the main body of the 
paper and given at the Appendix A. 

2 Optimal Risk Sharing Equilibria 

We consider a two-period market model of n financial agents aiming to reduce their risk exposures by 
executing a transaction. Throughout this manuscript it is assumed that there exists an exogenously priced 
numeraire in units of which all the mentioned financial quantities are denominated. 

Each agent has already been exposed to a risk, which shall be called random endowment (also called 
random income, labor income or business income). This quantity incorporates the net discounted payoffs 
of all the unhedgeable financial positions that each agent has taken with maturity up to a given future 
time horizon T (their risk cannot be hedged out by trading in any market outside this setting). These 
endowments will be denoted through random variables Ei, i € {l,...,n} which are defined in a standard 
probability space (f2, T, P)^J The sum of these random endowments is called the aggregate endowment and 
is denoted by E — Ei. Below, X denotes the set of discounted payoffs of all possible financial positions 

and is assumed to be a linear subspace of L 2 (J7, T , P) (that is, the set all squared integrable random variables, 
hereafter denoted simply by L 2 (J")). 

The preferences of agent i are given by mean-variance utility (hereafter M-V) 

(1) Ui(X) =E[X] - 7 *Var[X] 

where the constant ji > is his risk aversion coefficient and £[•] and Var[-] are the expectation and variance 
maps under probability measure P. Given his random endowment Ei, agent i evaluates any financial position 
X € X using his (adapted to endowment) utility 

X 3 X i-» Ui(X + £i). 

He is aiming to take short/long positions on securities with payoffs in X that maximizes his utility 

(2) supUiiX + Ei) 

xex 

A standard utility maximization well-studied example is when there exist k financial securities available for 
trading, C = (C\, C 2 , Ck) € (L 2 (J")) fc , which prices are given by a vector p e E fc , that is X = {a- (C — p) : 
a e R k }. Then, problem |2]) becomes 

(3) sup {U,(a C a p + Ei)} = sup {U ?; (a ■ C + £*) - a • p}. 

a£R fc aSR fc 

6 P is the so-called "subjective" probability measure, and is assumed to be common for each agent. Removal of this 
homogeneous beliefs assumption doesn't change the general concept of this paper, although it adds a great deal of complexity 
in calculations. For a study on the effect of ambiguity in risk sharing, we refer the reader to Strzalecki and Werner (2011). 
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The set of vectors a € R k that maximize ([3| for a given price vector p is the demand of agent i on C at 
price p (hereafter denoted by Zi(p)), i.e. 

(4) Z l (p) = argmax {V t (a • C + £ l ) - a • p} 

a<ER fc 

The decision criterion ^ implies a number of assumptions, namely: (i) there is no budget constraints, 
i.e., agents are able to borrow units of numeraire without changing their utility status, (ii) there is no short 
selling constraints on securities in C, and (iii) there are no further transaction costs. Although the last 
assumption is standard in the literature, the first two required some justification. It should be mentioned 
that these assumptions are taken in the view of risk sharing arguments, which means that any transfer of 
cash is summed up to zero. Furthermore, one may think that the absence of short selling constrains implies 
the possibility of unbounded supply; however, this can well be avoided by imposing regularity constraints 
on the set of admissible positions X . Unbounded supply is indeed the case if the price is extremely high (or 
low), however the equilibrium arguments that follow will endogenously exclude this situation. 

Optimization problem Q is a fundamental portfolio choice problem that has been analyzed by a number 
of authors (see among others Cochrane (2005) for an overview in the case of quadratic utility and bud- 
get constraints and Garleanu et al (2009), Acharya et al (2012) and Anthropelos and Zitkovic (2010) for 
applications of this problem to pricing financial securities). 

For the set Zi(p) to be a singleton for any price vector p it is sufficient to impose the following standing 
assumption. 

Standing Assumption 1. For every mentioned vector of securities C, the matrix Var[C] is non-singular. 

Under this assumption, Zi(p) is a function from M. k to R k which shall be called the demand function (of 
demand schedule) of agent i of securities C and is given by 

(5) Zi(p) = ( E[C ^~ P - Cov(C,^ • Var-^C] 

where E[C] stands for the vector (E[Ci], E[Cfc]) and for any payoff X 6 L 2 (J r ), Cov(C,X) denotes 
the vector (Cov(Ci, X), ...,Cov(Cf.,X)). Note that the demand has two distinguished sources, namely the 
risk premium scaled by agent's risk aversion, E ^ p ■ Var _1 [C], and the correlation between the tradeable 
securities and the agent's endowment, Cov(C,£i) • Var _1 [C] (see also Demange and Laroque (1995) and 
Willen (2005) for analogous and more detailed discussion). It is clear that absolute size of the demand 
function is a decreasing function of the risk aversion coefficient, 7^. This means that the more risk averse the 
agent becomes the less willing she is to participate in a transaction on C. Also, the demand for a particular 
security Cj (for j £ {1, fc}), is a decreasing function of the covariance of Cj with agent's endowment. This 
supports the use of the M-V evaluation for risk management purposes. Indeed, we expect that when the 
covariance of particular security is a large negative number, the agent would be willing to take long position 
on this security, since this would decrease the risk exposure created by the random endowment. Finally, an 
observation of the same nature is that |Zj.j(p)| is decreasing with respect to Var[Cj], i.e., the riskier the 
security becomes, the smaller the desired position on it is. 
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2.1 Optimal risk sharing 

We now address the main subject of this manuscript, namely how agents can mutually reduce their risk 
exposures by proceeding to certain types of transactions. In our over-the-counter transaction setting, we 
assume that each agent shares his random endowment with the other agents aiming to reduce his risk or 
equivalently increase his expected utility. This is a general picture of the risk sharing problem and in the 
case where there is no exogenous constrain or additional transaction costs, agents freely negotiate the design 
of contracts that "optimally" share their risk exposures. The word optimally refers to a Pareto-type of 
transaction. More precisely, we define the set A — {C G (L 2 (J 7 ))™ : C, = 0} which contains all the 

possible sharing rules of agents' endowments, where C* is the payoff of the contract that agent i is going to 
receive at the terminal time. The formal definition of the optimal risk sharing is the following. 

Definition 1. The vector of securities C* £ A is a Pareto optimal risk sharing if for all C € A the following 
implication holds true 



If for some % e {1, n}, U*(£* + C<) > V l (£ t + C*) => 3j e {1, ...,n},j f i s.t. Uj(£,- + C 3 ) < Vj(8j + C*) 



The requirement that the sum of these contracts is zero implies that risk sharing does not add further 
risk in the market (the net supply is zero). As it implied by the results in Dcmange and Laroque (1995) (see 
also Jouini et al (2008) for a similar result under more general risk preferences), a useful characterization of 
the optimal risk sharing rules is that C* 6 A solves the following maximization problem 7 !] 



The problem of optimal risk sharing has captured a large amount of literature in finance and economics. 
It can be considered as a structured financial problem in the sense that the optimal sharing rules are 
financial securities that are structured to satisfy certain hedging needs. For a circumstantial discussion on 
the theoretical approach on this issue and its connection to financial innovation, we refer the reader to Allen 
and Gale (1994) and Duffie and Rahi (1995). 

In every practical situation however, the optimal contracts do not take complex forms, that is the solution 
C* of (|6| is not a complicated function of Si's. In fact, for practical purposes, we may restrict to linear 
sharing rules, i.e., instead of looking at problem (pi), a more practical perspective suggests the following one 



where E = [£\, £ n ), A n is the set of square matrices of dimension n that represent the allocations 

of securities in X n and € E™ are their rows. In other words, for each allocation A E A„, the element 
dij denotes the units of security £j that agent i holds (negative a.y means short position). Hence, vector 
a,; G R™ stands for vector (an, ...,ai n ) and indicates the units of each security in E agent i holds (and hence 



7 These optimal sharing rules arc consistent with the social welfare optimization (see among others Acharya and Bisin (2005) 
for related discussion). 



n 



(G) 




n 



(7) 




Er=i^=o). 
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For general utilities problems ^ and Q are not necessarily equivalent and the existence of a solution of 
one does not imply the solution of the other^J However, in the case of M-V preferences both have a common 
solution (see also Demange and Laroque (1995), Athanasoulis and Shiller (2000) and Barrieu and El Karoui 
(2005)). 

Proposition 1. The unique (up to constants) optimal risk sharing rule is given by the vector of securities 
C* = {Ct,...,C* n ) with 

(8) C* = a*-£ 
where elements of vector a* — (a*-, , a* 2 , a* n ) are given by 

(9) a*i=- — — and a *ic = —, farC^i, 

7i li 

where, 7 is the aggregate risk aversion coefficient, i.e. 7 = ^rj ■ Furthermore, the allocation 

A* = (a*j) G A„ is the optimal allocation for vector E, i.e. A* solves problem Q. 

Note that this optimal sharing rule is independent on the distribution of the endowments which simply 
reflects the fact that agents have the same beliefs (common probability measure) and evaluate payoffs fol- 
lowing similar lines (common type of utility). The interpretation of sharing rule ^ and ^ is clear. Agent 
i is going to short a part of his endowment and long equal part of the other agents' random endowments. 
The prices of these transactions however can not be induced by the problem ([6| (or problem Q) 

The aggregate maximized utility of the optimal risk transaction is given by 

n 

53Ui(fi + C7)=E[f]-7Var[f] 

which is sometimes called the utility of the representative agent, which also has M-V preferences and his 
endowment and risk aversion coefficient are the aggregate ones. Furthermore, the difference 

n n n 

(10) V ^ + C D-Y. =5^7i Var[£] - 7 Var[£] 

i—1 i—1 i—1 

is the maximized aggregate gain of utility that the market (or the representative agent) enjoys by the optimal 
risk sharing transaction. 



2.2 Constrained risk sharing and equilibrium pricing 

As discussed in the introductory section, the construction of contracts that optimally share the risky endow- 
ments among the agents is not always possible. Examples of the exogenous reasons that restrict agents from 
the transaction of the optimal risk sharing contracts are: (i) Stricter regulation, regarding OTC transactions, 

8 For Von-Neumann-Morgenstern utility functions the equivalence of problems j6| and |7| holds if and only if the risk 
tolerances of all agents are linear and have the same marginal risk tolerance coefficient (see Chapter 3 of Magill and Quinzii 
(1996) for the proof). 
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states new restrictions on credit levels, which cannot be met after the optimal risk sharing transaction. The 
reason for this is that risk measurement that is used by agents and investors is usually different than those 
used by the regulators (for instance, problems ([6| and ^ do not include credit constrains or margin account 
requirements) . This makes the optimal risk sharing very expensive in the sense that the agents should com- 
mit part of their capital as additional margin accounts, (ii) Some types of random incomes are indivisible 
due to their nature and the difficulties in their modelling as random variables, e.g. real estate investments, 
revenues of a running business, dividends from illiquid shares etc. (iii) In some cases, sharing of endowment 
is against the general policy of an agent, for example selling part of his endowment may imply a message of 
lack of trust to his clients on which the endowment payoffs are based, (iv) Further liquidity concerns and 
transaction costs may make the optimal risk sharing trading disadvantageous. 

Under these realistic conditions, agents can reduce their unhedgeable risk exposures by writing standard- 
ized contracts whose payoffs are somehow correlated to their endowments and let them be traded among 
other agents. These securities could be any structured financial derivative products, such as credit deriva- 
tives, asset backed securities, reinsurance contracts etc. Note that issuing of securities is not Pareto-optimal 
(agents do not collaborate in the designing as in problems ^ and ([7])). However, agents allocate and 
price these securities and hence exploit the payoff correlation with their endowments for risk management 
purposes. 

We assume that there is a finite number of these securities and their payoffs belong to the set of possible 
financial positions X. Their payoffs shall be denoted by the random vector C = {C\, ...,Cfe) € X . Given 
these payoffs, agents negotiate the prices and the quantities of the given securities in C they will trade. We 
in fact follow the lines of problem Q where instead of E, agents maximize the sum of their utilities by 
trading vector C. The set of allocations of C among agents will be denoted by A„ X fc, that is A E A nX k is a 
matrix in M. nxk , where its element denotes the number of security Cj that agent i holds (i 6 {1, ...,n} 
and j <E {1, k}) and Y17=i a i = ^ , where is the i-th row of A. 

The problem of risk sharing through vector of securities C is 



n n ] i n 



(11) sup > D,(a r C+^,)-> a rP = sup i \ U^a* • C + } 

AGA nxfe , P £K<° [ i=1 i=l J AeA nxh [ i=1 J 

It is clear that the above argument of optimal sharing provides only the allocation of C that maximizes 
the sum of agents utilities. In other words, due to the cash invariance property, maximization of sum of 
utilities does not provide the prices at which the optimal transaction on C will take place. Getting the 
consistent price vector for C (which is a crucial part of transaction) needs another argument. This can be 
based on the demand function for each of the agents. More precisely, we suppose that the transaction prices 
of elements of C will be those that make the sum of agents' demand functions equal to zero, or in other 
words the price that makes the risk sharing consistent are the ones that makes supply of C equal to its 
demand. More formally, we have the following definition of price-allocation equilibrium^] 



9 This equilibrium setting for risk sharing has been applied in Anthropelos and Zitkovic (2010a) under the presence of 
an exogenously priced financial market (see also Anthropelos and Zitkovic (2010b) for the special case of exponential utility 
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Definition 2. For a given vector of securities C £ X , the pair (p*,A*) £ K fc x A nX k is called a price- 
allocation equilibrium if Zi(p*) = a* for each i £ {1, ...,n}. 

This equilibrium coincides with a Pareto-optimal pricing and allocation of C and is called Pareto equi- 
librium price of C (or socially optimal equilibrium of securities C). It is easily checked that equilibrium 



allocation A* (if exists) solves (11) 



At equilibrium, each agent enjoys a level of utility that is higher or at least equal to his initial utility, that 
is Vi(p*) > Uj(£j) where the equality holds if and only if the equilibrium price vector coincides with agent's 
reservation price vector, p?. Given the vector of securities C, we call the quantity i>i(p*) the utility level 
at equilibrium of agent i. Note that the difference t>;(p*) — Ui(£i) measures the gain (in terms of utility) 
that agent i enjoys by entering into the equilibrium transaction of C. The advantage of using i>j(p*) is that 
it is measured in numeraire units and hence can be used for the comparison among different equilibria and 
agents. 

Taking into account equation ^ we get the following representation of the CAPM (see also Willen (1997) 
and Athanasoulis and Shiller (2000)). 

Proposition 2 (CAPM). The equilibrium price of a vector of securities C is given by 

(12) p* = E[C] - 2 7 Cov(C, E) 

and the equilibrium allocation A* is the matrix whose rows a* are given by 

(13) a* = Cov(C,C*) • Var _1 [C] 
for each i £ {1, n}, where C* is given by ^ and 

Proposition [2] states that the equilibrium prices do not depend on the covariance matrix of securities, 
but only on their expectations and their covariances with the aggregate endowment (this covariance is 
usually called the covariance value of the securities). The equilibrium price of a security Cj increases as 
its covariance with the aggregate endowment decreases, something that reflects the higher demand of this 
particular security. Also, the vector of quantities that agent i is going to short/long at equilibrium has a 
clear link with the covariances of the traded securities and the contract that she would get if the optimal 
risk sharing were possible. The higher (in absolute terms) the covariance of the tradable security C and his 
optimal contract are, the higher is his demand (i.e., his participation in the market). 

Our goal is to see how this equilibrium price-allocation influences individual agents' utility and how 
much of it he gains by participating in this transaction. The following proposition can be proved by simple 
calculations. 

Proposition 3. The utility level at equilibrium of agent i is given by 

(14) Vi(p*) = 7 , Cov(C, C*) • Var-^C] • Cov(C, C*) + V t {£ t ). 

and n = 2). Similar equilibrium arguments has recently been supported by a number of papers in option and future markets 
(Acharya et at. (2012), Cvitanic et al (2011), Garleanu et al (2009) and Horst et al (2010)). 
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It is implied that the gain of equilibrium transaction of agent i, that is the difference Vi(p*) ~ Uj(£j), is 
increasing with respect to the absolute size of his positions on C. 

Remark 1. The term Cov(C, C*) ■ Var _1 [C] • Cov(C, C*) has a nice interpretation in the case where both 
C and E follow multivariate normal distribution. Under this assumption, it follows (see e.g. Chapter 3 of 
Muirhead (1982)) that 

Cov(C, C*) • Var _1 [C] • Cov(C, C*) = ¥ar[C*] - Var[C*|C = c], for every vector c e R k . 
This implies that 

(15) u i (p*) = 7i Var[E[C*|C]]+U i (E i ). 



The representation (15) is a way to see how agent i benefits from trading C, given the endowments and 
the risk aversion level of the rest of the agents. Namely, the more uncertainty of C* is revealed by C, the 
higher the gain of utility of agent i from trading C is. Note that when C* is measurable with respect to the 
information generated by C, Vi(p*) gets its maximum value, and when C* is independent with C, agents is 
indifferent between trading and not trading C. 

Regarding the aggregate utility, the fact that the tradeable assets are not the agents endowments means 
that any other sharing transaction has less efficiency. The difference between the aggregate utility of the 
optimal risk sharing and the aggregate utility after the equilibrium sharing of C can be considered as a 
measure of the risk sharing inefficiency. 



(16) Risk Sharing Inefficiency = sup < Uj(£j + Xi) > — sup < \^Uj(aj • C + Si) > 

xe.4 J AeA nxk J 

More generally, 

(17) Risk Sharing Inefficiency = Optimal Aggregate Utility — Realized Aggregate Utility 
2.3 Equilibrium prices of endowments 



A special case of problem (11) is when the securities available for trading are the agents' endowments 
(C = E). As shown in Proposition [2j when utilities are quadratic, this problem is equivalent to the optimal 
risk sharing problem ([6]), that is the market becomes complete. Hence, solution of ( 11 ) provides not only the 
optimal sharing contracts but also the equilibrium prices of the agents' endowments. By applying Proposition 
[2] for the vector of endowments E, we get that 

(18) p| = E[E] - 2 7 l n • Var[E] 

where 1„ is the vector of dimension n with all elements equal to 1. Straightforward calculations also give 
that the utility level of agent i after the optimal risk sharing is given by 

(19) <(p|)=7<Var[C?]+U < (£ i ) 
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where, v°(-) denotes the utility level of agent i when the tradable security vector is E. The term 7$ Var(C*) 
is the highest possible utility gain of agent i that he could get by trading in a Pareto-optimal way with the 
rest n — 1 agents. Hence, the risk sharing inefficiency caused by equilibrium trading of vector of securities 
C is equal to 

n n n 

(20) «(Ps) - U *(P*)) = Var ^*] - 5> Cov ( C < C t) ■ Var- x [C] • Cov(C, C*) 



It follows from (14) and (19) that the utility "loss" of each agent when the risk sharing is constrained, 
namely the difference 

(21) v°(p* £ ) - vi(p*) = 7, (Var[C*] - Cov(C, C*) ■ Var^C] • Cov(C, C*)) , 

is always non-negative and equal to zero if and only if the optimal contract of agent i can be written as 
a linear combination of elements of C. We state this fact in the following proposition the proof of which 
follows from standard arguments. 

Proposition 4. When the risk sharing is done through trading a vector of securities C ^ E, each agent 
suffers a loss of utility. This loss is zero for agent i if and only if there exist b £ K and a £ R fc such that 
C* = b + a • C, where C* is given by Q and 



Note that equation (21) states that agents with high risk aversion suffer more loss of utility because of 
constrains. In particular, when n = 2, agents' losses are proportional to each other, i.e. 

Loss of agent 1 = ^ Loss of agent 2. 



3 The Risk that an Agent should Share 

In this section, we argue that inefficiency of risk sharing markets is caused due to the strategic behaviors that 
agents may follow when negotiating the transaction of their endowments. In such situations, the equilibrium 
(if exists) is a Nash-type equilibrium, not a Pareto one, something that in principle implies a decrease in the 
aggregate utility (or equivalently inefficient risk sharing). 

In the primary structured financial markets the participation of the agents is limited to a specific number 
of agents. Hence, the participation and the actions of each individual one definitely affects the point at 
which the market equilibrates. In a sense, these markets function at the primary phase as oligopolies. 
Therefore, when modelling such markets' equilibrium, one should involve not only the mechanism that leads 
to equilibrium, but also the participants' strategy that incorporates each agent's response to other agents' 
decisions. In what follows, we introduce a model of an individual agent's strategic behavior which is based 
on the equilibrium arguments of the previous discussion and we discuss their optimal reactions. 

We assume that the n agents form a market in which they report their endowments and then (according 
to the induced sharing rules, described in (|6|) the optimal-sharing contracts are designed, priced and traded 
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among them. However, an agent may not report his true endowment but rather choose to report as his 
"shared-to-be" endowment a random variable that, when involved in the optimal trading procedure, would 
result in higher expected utility. The formulation of this problem is established into three market settings: 
(i) when agents negotiate the whole randomness of the endowments that are going to share, (ii) when they 
negotiate only a percentage of their true endowments and (iii) when they negotiate the price of a given vector 
of traded securities C. 



3.1 How much risk should an agent share? 



We return to the Pareto optimal risk sharing setting, where agents design and price the contracts that are 
going to trade. The sharing mechanism that produces the optimal contracts and their prices are given by 
the solutions of problem ^ or problem |7]) and are functions of agents' endowments. Given this transaction 
set up, we are asking whether it is preferable for an individual agent to report (and hence share) his true 
risk exposure or it is "Setter" to report as his endowment a different random variable. The word better 
refers to the level of the utility at equilibrium, i.e., quantity v°(p*). Let's take the position of agent 1, 
which enters the risk sharing market, where the way agents share their endowments is given by Proposition 
[I] and equations (|9| and (18 1. Given that the rest of agents have reported endowments £2, £3, E n , it 
is reasonable to assume that agent 1 may not report as his endowment £\, but another random variable 
B 6 L 2 (J r ). Since his decision criterion is the maximization of his expected utility, we argue that he is 
going to report as endowment the random variable that maximizes his level of utility when the transaction is 
proceeded. Following the game theory terminology, we shall call the optimal choice for reported endowment 
best endowment response of agent 1. 

Below, we introduce and solve this problem by providing explicit and well-interpreted solutions. We 
adapt the risk sharing setting of problem (|6| (or the equivalent problem fn)). If the reported endowments 
are £1, the optimal sharing rule states that agent 1 gets the payoff CJ" = -j£-i — 71 ~° £\ and pays 

a i ' V*£i where a* is given in ^ and p£ in (18) (in what follows £_i stands for ^2j^£j, for i e {1, ...,n}). 
Therefore, given that the rest agents have reported endowments £2, £3, £ n , if agent 1 reports as his random 
endowment some random variable B 6 L 2 (J r ), then according to optimal sharing rule he would get contract 
with payoff 



(22) 



the accumulate cash transaction is 



C*(B) = ^£_ X - '" 



B, 



Ti 



7i 



(23) 



p1(b) 



71 



71 



1 X 

1 

7i 



J7 
7i 



E[£ 2 ] 



2 7 Cov(B 
2 7 Cov (B 



£-i,B) \ 

■e-1,82) 



and his utility after the transaction would be 
(24) G 1 (B;£_ 1 )=U 1 (£ 1 + Ct(B)-p* 1 (B)) 



V E[£„] — 27 Cov (B + £_!,£„) / 



E[£i + CUB)} - 71 Var[£i + C{{B)] - p*(B). 
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Similarly, we define the utility level of agent i when he reports B and the rest of the agents have reported 
Ex,..., £i-i,£i+i...,£ n and denote it by Gi(B; (the fact that the dependence is restricted to the aggregate 
endowment of the other agents is proved below). 

Therefore, the best endowment response of agent i is the solution of the following maximization problem 

(25) max {GAB;£M 

Note that best response should be a random variable in L 2 (J r ), which implies that agent's reported endow- 
ment is measurable with respect to the information that is generated by the true endowments (there is no 
other security in the optimal risk sharing environment, see also the related discussion in the introductory 
section and Section |2j. The solution of problem (25 1 is given in the following proposition. 



Proposition 5. The unique (up to constants) best endowment response of agent i when the rest of the agents 
have reported endowments £\, ...,£ n is given by 

2 

(26) B* = -^-£ t + - 1 ^£- l 

li + 7 it ~ 7 

for each i G { 1 , . . . , n} . 

If agent i chooses to share his best endowment response, the optimal risk sharing rule implies that he is 
going to get the contract with payoff 

C*(B*) = ^—£. i -'^£ i , 
7i + 7 7* + 7 

instead of 

f~t* 7 c Ti ~ 7 c 

li li 

This gives that 

C*{B*) = ^^C*. 
7i + 7 

Hence, the best optimal contract of agent i is in fact a percentage of the contract that the optimal risk 
sharing procedure induces. The factor is increasing in ji meaning that the less the risk aversion, the 
less percentage of the optimal contract the agent gets (clearly, this percentage increases as the number of 
agents increases). 

At this point, a number of observations worth some attention. First, the best response B* does not 
depend on any of the moments of the endowments and hence it is model free in the sense of probability 
distribution of the random endowments. Given that agent i knows the endowments of the rest of the agents, 
he should report as his endowment a certain percentage of his true endowment and a factor of the other 

2 

agents' aggregate endowment (a risk that he doesn't possess). Note that the factor ^2^2 in front of the 
aggregate endowment of the rest of the agents is a decreasing function of the risk aversion coefficient 7,. 
In fact, it is straightforward to check that the limit of B* is equal to £i as 7^ goes to infinity and becomes 



unbounded as 7^ goes to zero. We may conclude then that problem ( 25 ) is more intense for low risk averse 



1G 



agents and in a sense it reflects a speculating attitude in their strategic behavior. As expected, the difference 
between B* and £i reduces as the number of participating agents increases. 

Interpreting this strategic behavior, one can argue that agent i leaves some of his risk exposure unhedge- 
able in order to get higher cash transfer (better endowment prices) given the hedging demand of the rest of 
the agents. We calculate that his utility level after reporting the best endowment response is 

GiiB^S.i) = -^L Var [C*\ + V t (£ t ) 
which means that the increase of agent i utility from following this strategic behavior is equal to 7$ Var[C* 



it -7 



or in other words, compared to (19 1, the percentage increase of utility after following strategy of problem 



(25) is Tpz^i- This equals to n -t_ x for homogenous agents (33% for n = 2, 12.5% for n = 3 etc). 



3.2 Which percentage of his true endowment should an agent share? 



According to the best endowment response (26), agent i should declare that he is exposed to a risk he does 
not possess. Some of the endowments however may be of special and distinct type (such as exposure to 
specific financial positions or distinguishable insurance contracts or certain business revenues). Reporting 
exposure to them can be considered as signal of agent being more a risk seeker (speculator) than a hedger. 
As we have pointed out before, this kind of markets are in principle oligopolies and the strategy indicated 



by problem (25) may be against the general policy of the agent's firm. In such situations, where agent i is 
worried that this strategic behavior will deteriorate the conditions of future businesses with the other agents, 
he may alternatively consider the option to report as his endowment not any random variable but a positive 
percentage of his true endowment. In other words, he reports the direction of the randomness of his true 
risk exposure, but he chooses how much of it he is willing to share. 



To emphasize the difference with problem (25), we hereafter use the notation gi(b\£~i) instead of 



Gi{b£i] £-i), where the domain of the function is set equal to interval [0,oo). In these situations, problem 



( 25 1 is written as 



(27) max { 9i (b;£-i)} 

6G[0,oo) 

and the maximizer shall be called best percentage response. We deal with this restriction in the proposition 
below, the proof of which follows the lines of Proposition [5| 

Proposition 6. Suppose that £j is not constant and the rest of the agents have reported endowments 
£%, £»+!) £«■ The best percentage response of agent i is 



(28) ^OV ^i^^-^ ^ 



li +7 if - J 2 " V Var[£j 
for each i G {1, where /?(., .) is the correlation coefficient map. 1( ^ 



From ( 28 ) we notice the following: 



Also x V y stands for max{i, y}, for x, y S ' 
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(i) As agent's risk averse increases, the best percentage approaches one, i.e., lim b* = 1, no matter the 



correlations of the endowments or their variances. This is consistent with the fact that the speculation 
attitude that characterizes the strategic behavior vanishes as the risk aversion increases. On the other 
hand, this attitude is more intense when 7, goes to zero (i.e., when agent is risk neutral). In the limit 
we have 



(ii) The best percentage response of agent i is an increasing function of p (£-i, Si). Given his risk aversion 
coefficient, agent i is going to take a speculation only position (no short selling any of his endowment) 
if the correlation p (£_i, Si) is sufficiently negative. This fact is at first glance surprising since negative 
endowment correlation implies good hedging opportunities. Since, agent i knows that there is an 
intense hedging demand, he prefers to act as buyer and enjoys the low prices of the endowments the 
other agents want to sell. In addition, long position in S-i implies that he still achieves some hedging 
of this true risk exposure. The situation differs when p(S-i,Si) > 0. If this correlation is close enough 
to one, agent i reports overexposure on Si which means that after the transaction he will be left with an 
exposure of negative Si. Taking into account the simultaneous long position on his total position 
will be of much less variance. 

3.3 Which is the best demand on C that an agent should ask? 

We now apply a similar agent's behavior in the case of the constrained risk sharing, where the agents share 
their risk exposures by trading at equilibrium a given vector of securities which differs than E meaning that 
the market remains incomplete. This market is influenced by an individual agent's strategic behavior only 
in the case where the number of the participating agents is low or when some of the agents' market power 
is strong. This is appropriate to the markets of structured financial products which function more than 
oligopolies rather than perfect competitions (where agents are in fact price-takes) . By including such model 
extension we are able to see how an individual agent can manipulate the market price/allocation and how 
this situation is connected with the best endowment response. 

We adapt the incomplete market model of a given vector of securities C whose equilibrium price/allocation 
is given by Definition [2] (see also Proposition [2]). In these situations, each agent reports his demand function 
Zi(p) and the allocation of C is done at the price vector that clears out the market. Following the argument 
of the previous discussion, we consider agent i and suppose the he can exact the aggregate demand function 
of the rest of the agents. Note that under M-V preferences, agent's demand function is linear with slope 
equal to — Var 27 ^ ■ This means that agent i extracts the demand functions of agent j only by getting his 
risk aversion coefficient and one value of the function Zj(p). Given this knowledge, agent i reveals a demand 
function that makes the market clear out and at the same time maximizes his expected utility after the 
equilibrium transaction. In particular, we ask: which is the best equilibrium price for agent i? As before, 



00 




0, p (S h S-i)< 0; 
5, p(Si,S-i) =0; 
+00, p(Si,S_i) > 0. 
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the word "best" refers to utility maximization. This problem is written as 

(29) max4(p; VZ,( P )) 

where 

(30) Mp; E z i(p)) = u ^ - E z » • c ) + E z ^ ■ p 

The maximizer of fa gives the equilibrium price that is most preferable for agent i, given the demand 
functions of the rest of the agents. In this oligopoly market, he can make the market equilibrate at this price 
by bid/ask the corresponding quantities of C or equivalently by reporting the appropriate demand function. 

In case of M-V preferences, the calculation of this maximizer is straightforward due to the linearity of 
demand functions. Hence, we are able to see how the CAPM equilibrium prices change when an individual 
agent manipulates the market equilibrium by reporting the best-response demand function. 

Proposition 7. The equilibrium price of C that maximizes the utility of agent i given the aggregate demand 
function of the other agent Zj (p) > is 

(2 
7* + 7 it ~ 7 



We may rewrite problem ( 29 1 in terms of best demand function (this task is useful for the Nash equilibrium 
prices of C, studied in the following section). Let first denote by Zi the set of all demand functions for a 
given and fixed vector C of an agent with M-V preferences and risk aversion 7,. Since, all these demand 
functions have a specific form given in ([5]), we can parameterize Zi, i.e., a function di : R fe — > K fe belongs in 
Zi if and only if there exists a vector ccR' such that (fj(p) = ^ E ^ 7 7 P — c ) ■ Var _1 [C]. In other words, 
we identify the M-V demand function with covariance vectors. Therefore, agent i can make the market 



equilibrate at price pi given in (31 1, by reporting the demand Zi £ Zi such that 
It follows that 

(32) Zi(p) = ( E[C ^~ P - Cov(C,S*)) Var-^C]. 



where, B* is given in (26). This means that the best endowment response of agent i is B* for both the 
unconstrained and the constrained risk sharing market (for every tradeable securities C £ L 2 (J 7 )). 

Therefore, the covariance part of the CAPM valuation is Cov ^C, + , that is the effective 

aggregate endowment is not £ , and the factor of £j is reduced by a percentage equal to 7 .?j_ 7 , whereas the 

2 

factor of E-i increased by a percentage equal to ^ a ^ 2 (e.g., for homogenous agents these percentages are 
—33% and +33% for n = 2 and —25% and +12.5% for n — 3 etc). Intuitively, by reporting less of his true 
endowment through his demand function, agent i increases the price of the securities that he is going to 
short and by increasing the effective endowment of the rest of the agents decreases the prices of the securities 
that he is going to long. 
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4 Nash Equilibria in Risk Sharing Games 

If one agent applies a certain type of strategy in the aforementioned risk sharing markets, why not the other 
agents follow a similar behavior? As we have seen above, by submitting his best endowment response an 
agent can get a significant improvement of the utility he enjoys from these transactions. In the markets 
where the renegotiation is allowed, it is reasonable to suppose that all agents will follow this beneficial 
strategy and report the endowments (or demand functions) that maximizes their utilities given the reported 
endowments (or demands) of the rest of the agents. This sequel of responses can be thought as a modelling 
of the negotiation of the contract designing among the agents. This is a pure Nash type of game, where the 



agents' set of responses depends on the setting of the risk sharing market (e.g. problems (251 or (27)) 

The question that follows is whether this sequential negotiation has an equilibrium and how this equi- 
librium differs from the Pareto optimal one. Below, explicit answers are given in the cases where agents 
renegotiate the whole randomness of their endowments, the percentage of their true endowments and the 
price- allocation of a given vector of securities C. 

4.1 Nash equilibrium in sharing of endowments 

We first consider the case of optimal risk sharing rules that are the solutions of problems ^ or Q. However, 



we assume that each participant follows the strategic behavior indicated by problem (25). In other words, 
it is supposed that agents have agreed on the mechanism that produces the optimal sharing rules and the 
corresponding cash transferring and they negotiate their "shared-to-be" endowments, given the responses of 
the other agents, each one gives his best responses and the equilibrium occurs when this renegotiation ends. 
We shall call this equilibrium Nash risk sharing equilibrium, which definition is given below (note that this 
definition presupposes that the addiction costs and the time of this negotiation are negligible). 

Definition 3. We call a vector of random variables (B*, J5*) e (L 2 (J r ))™ Nash risk sharing equilibrium 
if for each i e { 1 , . . . , n} 

(33) Gi(B*; (B*) j¥< ) > G t {B- (B*)^) 

for all Be L 2 (J"). 

The following theorem states the explicit form of this equilibrium under M-V preferences. 



Theorem 1. Let all agents follow the strategy indicated by (25 I . Then there exists a unique (up to constants) 



Nash risk sharing equilibrium and for each i e {1, ...,n} the following statements hold: 
(i) The best endowment response of agent i at Nash equilibrium is given by 

(34) B* = — ^ Si + ( 7 ~* ^ B* 

7* +7-* VK+7-J 



where (7— i) 1 = X an< ^ is the aggregate shared risk, B* — X"=i B* , given by 



37* 



(35) B* 



i-E" 1 



1 -v? 
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(ii) The contract that agent i gets at the optimal sharing is 

(36) C*(B*) = ? i ^(-E i + ^B*) 

7. \ li J 

Thanks to the explicit formulas of the equilibrium contracts, we are able to measure the inefficiency that 
this game implies. 

Corollary 1. The risk sharing inefficiency caused by agents' strategic behavior is given by 

n n n 

(37) ^IIMS + C*) - £u<(£ + Ci{B*)) = J2li Var[£, - B*} - 7 Var[£ - B*}. 

i—1 i—1 i—1 

Note that for all the non-trivial cases the inefficiency is strictly positive, since it equals to zero if and only 
if Var[7j£i — lj£f\ — 0, for each i,j € {1, ...,«}, a condition that implies no transaction among the agents 
(agents are already at Pareto optimal condition). 

In order to interpret better the findings of Theorem]!] we see thoroughly the simplified case of two agents, 
which is summarized and compared to the Pareto risk sharing in the following table (the considered position 
is of agent 1). The discussion that follows can well be applied in the cases where n > 2. 





Pareto Sharing 


Nash Sharing 


Aggregate shared endowment 


£ 


7l£l+72<S2 
27 


Reported endowment 


£i 


271+72 c I 72 C 
2(7l+72) W 1 27 1 ( 7l +7 2 ) <; -2 


Purchased contract 


72^2 -71 £i 
71+72 


1 72^2 -71 £l 

2 71+72 


Gain of utility from sharing 


7l Var ti £ i-t^2 

11 71+72 


71+272 Var 


7l£l— 72^2 
71+72 




Inefficiency 





! Var 

71+72 


71 £1 — 12 £2 
2 





Table 1: Comparison of Pareto and Nash equilibrium when n = 2. 

Without loss of generality we may assume that 71 < 72 (agent 1 is less risk averse). The first observation 
is that the aggregate shared endowment is different that the true one. In particular, the endowment of the 
risk averse agent that is actually shared is multiplied by a factor higher than one. On the other hand, only 
a part of the endowment of the agent with low risk aversion is shared. The contract that is designed at this 
(non-optimal) risk sharing setting is in fact the half of the optimal one, which means that the outcome of 
this renegotiation game is that the market losses half of its volume. 

Furthermore, although the aggregate utility is lower in the case of Nash equilibrium, there exist situations 
where some of the agents enjoy higher utility when the Nash-game is played 1 ^ The factor that determines 
whether this happens is the agents' risk aversion levels. In case of two agents, agent 1 benefits from playing 
this sharing game if he is sufficiently less risk averse than agent 2 (when in particular 7! < 1 72). It is clear 
that this type of negotiation game could be beneficial for agents with very low risk aversion. This is a potential 

11 Similar comparison of utility gain has been studied by Palomino (1996), where it is shown that there are cases where 
noise traders enjoy higher utility than the sophisticated ones under Nash equilibrium prices. 
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problem of effectiveness of the risk sharing markets. Although the loss of the aggregate utility is always an 
outcome of the aforementioned negotiation procedure, the allocation of this loss is higher for more risk averse 
agents. This means that each agent would like to share risk with risk averse agents and avoid the ones with 
more risky attitudes. Eventually and for transactions where Var[£i — £2] is relatively small, this trend will 
reduce the participants of this sharing market and hence its efficiency. In other words, the aforementioned 
market model suggests that transactions with low shared risk will tend to involve homogeneous only agents. 
Another aspect of Theorem [T] is the interaction of agents' behaviors. More precisely, we get from (34) 



that the reported equilibrium endowment of agent i approaches his true endowment £i as his risk aversion 
coefficient increases (theoretically up to infinity). On the other hand, the limit of B* as 7; goes to zero is 
unbounded. The interesting fact however is that when the risk aversion of agent 1 goes to zero, agent 2 
behaves as he were very risk averse, that is the limit of as 71 — > equals to £2 independently on the value 
of 72. Similarly, the limit of B2 is unbounded as 71 —¥ 00. We conclude that very risk averse counterparty 
makes agents behave as risk neutral and vice versa. 

Note also, that the aggregate shared endowment is equal to the true one if and only if agents are 
homogeneous, i.e., when 7, = 7^, for all i,j G {1, ...,n} (all risk are shared, although not optimally). 

Corollary 2. B* — £ if and only if agents are homogenous. 

In the special case of homogenous agents, the risk sharing inefficiency is equal to ^ (Y^h =1 Var[£j] — Va ^J £ ] ^ 
and shared equally among them (all agents suffer some utility loss after the negotiation). Furthermore, the 
best endowment response at equilibrium is given by B* = ^£-% + and the contract that agent i 

gets is equal to ' [k ^C*, for each i G {1, n}. It also holds that the risk sharing inefficiency vanishes as the 
number of agents increases (provided that the agents' endowments are uniformly bounded in L 2 (J r )). Under 
some additional mild assumptions, this result can be generalized even in the case of heterogeneous agents, 
as it is stated in the following proposition. 

Proposition 8. Consider a sequence of agents with random endowments (£i)i£® and risk aversion coeffi- 
cients (7i)igN- If there exist constants M , c and C such that \\£i\\i2^ < M and c < 7$ < C for each i £ N, 



the risk sharing inefficiency given in (37) goes to zero as n —> 00 



4.2 Nash equilibrium on reported percentages of true endowments 

The arguments that lead to an equilibrium when agents follow a strategic behavior in risk sharing market 



can also be applied when agents renegotiate the percentage of their true endowments (problem (27)). Each 
agent's choice of endowment is restricted to whether he is going to share only a fraction of his true one or a 
multiple of it. As we have seen in Section [3j this best percentage response depends on the "shared-to-be" 
endowments of the rest of the agents (in fact on their sum). However, there is no reason why we should 
not consider all agents having the same strategic behavior. This presupposes that the renegotiation of the 
endowments is allowed in the designing of the optimal contracts and their prices. The main difference of this 
game theoretic sharing market model with the Nash endowment game is that agents do not renegotiate the 
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randomness of their reported endowments, but only their sizes. The percentage of agents that equilibrate 
the market shall be called Nash risk sharing percentage equilibrium, the definition of which follows. 

Definition 4. We call a vector (&*,..., &*) G [0, oo) n Nash risk sharing percentage equilibrium if for every 
agent i 

(38) gi (b*; (tfEj)^) > g t (h; (bjEj)^) 

for every bi > 0. 

Thanks to Glicksburg-Fan-Debreu Theorem (see among others Chapter 1 of Fudenberg and Tirole (1991)) 



and the linearity of the best response function for positive values (see (28)), we are able to establish the 



existence and the uniqueness of this equilibrium, provided there is a bound on agents' percentage choices 12 [] 

Proposition 9. Suppose that the reported percentage of all agents is bounded from above by an upper bound 
k. Then, there exists a unique Nash risk sharing percentage equilibrium. 

In the simplified case of n = 2, Nash risk sharing percentage equilibrium, (b\, b\), solves the equations 



Using ( 39 ) one can first show that as in the case of Theorem [TJ as agent i becomes more risk averse 
b* — > 1, meaning that he is not interested in the aforementioned negotiation. The surprising result is that 
even if the other agent has a fixed risk aversion coefficient, when — > oo he behaves as being risk neutral. 
More precisely, we have the following limits for equilibrium percentages: 

0, p(Ei,£_i) <0; 

lim b*_ i = lim b*_ i = < ~ p(£j,£_j) = 0; and lim b* — lim b*_ i = 1. 

k, p(£i,£-i) > 0, 

The above limits show how important is the risk level of each agent to the final sharing position of the 
other agents. An application that can be shown is that these limits imply that as one agent's risk aversion 
goes to zero the inefficiency of risk sharing goes to zero as well (the other agent reports his true endowment 
no matter his risk aversion). This dual behavior of the equilibrium percentage results in vanishing risk 
sharing inefficiency even if one of the agent risk aversion goes to infinity. We conclude that in this game, the 
risk sharing inefficiency vanishes as one of the agents risk aversion goes to zero or infinity. 

In the special situation of homogeneous agents, the equilibrium percentage depends on riskness of agents' 
endowments and their correlation. Three different choices of the fraction y^jf^j are illustrated in Figures jlj 
and [2] 

We observe the following: 



12 This bound restriction mitigates the magnitude of the shared endowments, however it is by no means restrictive when 
we consider practical applications. 
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7l = 72 and Varffia] = 16Var[£i] 





Figure 1: High risk of £2 



Figure 2: Low risk of £ 2 



(i) The aggregate shared endowment is equal to £ only in the trivial case where Var[£i] = Var^] and 
/?(£]., £2) = 1. In such a case however, the optimal risk sharing contract has constant payoff (no risk is 
transferred). 

(ii) The agent with the riskier endowment (agent 2) reported lower percentage when p{£\,£2) is positive 
(i.e., when sharing is a good hedging) and higher when p(£i,£2) is negative (sharing is not a good 
hedging). One reason for this is that the large variance of endowment means lower equilibrium price 
of £2 and hence lower price of the contract that agent 2 is going to short at equilibrium. This price is 
even lower when endowments are positively correlated. However, when the correlation is negative, the 
price of £2 is higher and this together with the need for hedging induced by the high variance of £2 



imply an increased ■ This fact is more intense when the fraction y^jg^j is higher (Figure 



1) 



Similarly to the Nash risk sharing equilibrium (see discussion following Theorem]!]), there are cases where 
the Nash percentage equilibrium is preferable by some particular agents. In Figures [3] and |4j we compare in 
different situations the gain of utility of agent 1 after the percentage renegotiation and when we have the 
Pareto risk sharing equilibrium. 



p(g,,fr) = -0.8 






■ PefceWafje gams 















Risk aversion coefficient of agent 1 




Risk aversion coefficient of agent 1 



Risk aversion coefficient of agent 1 



Figure 3: Utility gain of agent 1 when E[£J = 0, Var[£i] = 72 = 1 and Var[£ 2 ] = 10Var[£i]. 
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p(£i,E a ) = -0.8 rtft.fr) = Kft.^)^0.8 




R i-=K aversion coefficient of agent 1 Risk aversion coefficient of agent 1 Risk aversion coefficient of agent 1 

Figure 4: Utility gain of agent 1 when E[£{] =0, Var[£i] = 72 = 1 and Var[£ 2 ] = jq Var[£i]. 

It is clear that agent 1 prefers a Nash equilibrium percentage game when: (i) his endowment is riskier 
and the endowments' correlation is not positive (i.e., risk sharing is a good hedging) and (ii) his risk aversion 
is low and endowments' correlation is positive and large (i.e., sharing is not a good hedging). When agent 1 
has an increased need for hedging and sharing of endowments is a good hedging choice, playing a Nash-type 
of game is beneficial, providing that the risk aversion of agent 2 is not very low. If agent 2 is close to 
risk neutrality, the game is going to be more speculative something that is against the agent with higher 
hedging need. On the other hand, when his hedging need is low, he prefers playing the game when his risk 
aversion is very low (he is a speculator more than a hedger) and sharing does not provide a good hedging. 
In these situations, agent 2 reports only a fraction of his risky endowment and agent 1 a multiple of his 
low-risk endowment (see Figures [I] and [2]) . Summarizing these facts, we conclude that agents prefer this 
renegotiation game if they have risky portfolios and the sharing of endowment is a good hedging and when 
their portfolios are (relatively) not very risky and sharing is not a good hedging. In any case however, the 
gain of utility is increased when the sharing is done with an agent with high risk aversion. 



4.3 The CAPM in oligopoly financial markets 

The arguments of Nash equilibrium risk sharing can be applied even in the case of constrained risk sharing 



2.2 



the 



setting, i.e., a market of a given vector of securities C € (L 2 (J r ))' c . As we have seen in subsection 
equilibrium price-allocation of C occurs at the point where agents' demand functions sum up to zero. In 
markets where the number of participating agents is small (or few particular agents have strong market 
power), the actions of each individual one should clearly affect the market equilibrium. A way an agent 



manipulates the market equilibrium is modelled by the optimization problem ( 29 ) , where given the aggregate 
demand function of the rest of the agents, an agent drives the market to his "preferable" equilibrium price 
by reporting a different demand for C than his true one. However, in the market situations where the 
renegotiation of the prices of C is allowed, all participants (or at least the ones that have sufficient market 
power) would follow the same strategic behavior and change their demand schedule in the way indicated 



by (29). As in the previously analyzed market models, the Nash-type of equilibrium occurs when this 
renegotiation reaches a fixed point. 
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From Proposition [7] and the related discussion that follows, we get that the demand function of agent 
i which equilibrates the market at his preferable price, depends on the aggregate demand function of the 



other agents (see (31 )). Therefore, the subjective function of agent i is </>,(p; Zj), where Zj g Zj is the 
reported demand function of agent j, for j ^ i. The negotiation setting is similar to the one introduced in 
the seminal work of Kyle (1989) and it is described as follows: Agents negotiate the one-shot trading of C 
by submitting prices at which they are willing to long or short each security C„, u £ {1, k}. Under M-V 
preferences, agent i can induce the whole demand schedule of the the rest of the agents only from one vector 
of orders on C and the aggregate risk aversion 7_i (practically he needs one more value of the aggregate 
demand to infer the parameter 7_i). Let us take the position of agent 1, who gets the bid/ask prices from the 



rest of the agents. Then, he follows the strategic behavior indicated by (31 ) and asks the demand function 
Zi that equilibrates the market at the price pi. This is the price of the actual transaction if the rest of the 
agents do not change their submitted demands. However, if they do so, the equilibrium will be adjusted 
analogously. For example, agent 2 will modify his demand to Zi in order to make the equilibrium price 
equal to the maximizer of his optimization problem max{</>2(p; Z\ + ^2j =3 ^j)}- This demand function will 
be taken into account by agent 3 who is going to follow a similar demand adjustment. The raised question 
is whether this sequel of price negotiation reaches an equilibrium point. We set Z = Z\ x ... x Z n and give 
the corresponding equilibrium of this Nash-type game below. 

Definition 5. The pair (p, Z) £ x Z is a Nash equilibrium price-demand of vector of securities C if 
(i) X)"=i ^i(P<) = (the demands clear out at price p) and 
(ii) For each i £ {1, n} 



i(p; X^-j ) - & ( p; X ^3 ) > f° r ever v p e 



(p is the best price of each agent given the demand of the rest of the agents). 

The vector (Zi(p), Z n {p)) is called Nash equilibrium allocation of C at price p. 

Under M-V preferences, this equilibrium is a variation of the CAPM in markets where one of the main 
assumptions of this model, that all participants in the market are price-takers, is withdrawn. This variation 
is an essential part of the modelling of the markets of the securities that consist of a few number of agents 
and the transaction is an outcome of a sequel of negotiations on the price and the volume of the transaction. 

Theorem 2. The unique Nash equilibrium price of a vector of securities C is given by 
(40) p = E[C] -2 7 Cov(C,£*) 



where B* is given in (35) and the Nash equilibrium demands Z = [Z\, Z n ) € Z have the form 



1411 Z;ipi : ( E M^-Cov(C,B*) j Var ' |C] 
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for every i 6 {1, ...,«}, where B* is given in (34). Also, the Nash equilibrium allocation at price p is 



(42) Zi(p) = Cov(C, C*(B*)) ■ Var- x [C] 



where C*(B*) is given in (36) 



Corollary 3. TTie JVas/i equilibrium prices coincide with the CAPM equilibrium prices if and only if agents 
are homogeneous. 

This Nash-type game among agents results in a change of the covariance value of the security equilibrium 
prices. In fact, the induced covariance is the one between the vector of securities payoffs C and the payoff 
of the Nash equilibrium aggregate endowment (see Theorem [I]) instead of the true aggregate endowment 
£. This gives a clear connection between the Nash negotiation in the constrained and the unconstrained 
market. In words, when heterogeneous agents follow strategic behavior in sharing their risks, the effective 
market portfolio, i.e., the aggregate shared endowment differs than the true one and is the same for both 
the optimal risk sharing and the constrained risk sharing markets. Hence, in any case where renegotiation 
is allowed £ should be replaced by B* . 

We may compare the above equilibrium with the excess return version of the CAPM (see among others 
Chapter 3 of Magill and Quinzii (1996)). For this, we assume that £i belongs to the span of the traded 
securities C, that is for every i 6 {1, n}, 3h l <G M. k , such that £{ — Ylj=i bjCj- Then, for every payoff X 
which belongs to the span of C, its equilibrium required expected excess return (denoted by Rx) satisfies 

Note that £ equals B* and hence the required expectation of any market position remains unaffected by the 
agents' strategic behavior only in the special case of homogeneous agents. 

Although the Nash equilibrium prices coincide with the CAPM prices when agents are homogeneous, the 
equilibrium allocations differ. We calculate that the equilibrium volume is reduced for each security and in 
particular Zi(p) = n ^Zi(p*), for each i. This implies (see Proposition [5| that for each individual agent 
the gain of utility at Nash equilibrium transaction on C is decreased by the factor " 2 , when compared to 
the Pareto equilibrium transaction on C. Hence, for homogeneous agents the renegotiation of the securities 
prices in the aforementioned setting results in a less utility for each of the agents even though the prices are 
the same. 

The situation is different when agents are heterogeneous. As in Theorem [T] and Proposition |9j there are 
cases where some agents gain more utility on the Nash equilibrium transaction of C. For this, consider the 
simplified case of n — 2, k = 1 and Var[C] = 1. Then, we calculate that 

U x (f! + &(p)C - Z t (p)p) = + Z$(p*)C - Z\ (p>*) + ( 72 -| + 7i ^'^ ) Cov 2 (C, CI). 

The above equation implies that agent 1 benefits from Nash equilibrium when for example agent 2 
has sufficiently high risk averse, Cov(C, £\) > (which means that agent 1 wants to go short on C) and 
Cov(C, C{) > (which implies that agent 2 wants to take larger short position on C). We can repeat this 
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argument by changing the signs of the covariances and conclude that agent 1 benefits from Nash equilibrium 
when he wants to go long at C, but agent 2 asks for a larger long position. We summarize these findings in 
the following corollary. 

Corollary 4. When n = 2, the utility gain of agent 1 is higher at the Nash equilibrium transaction of a 
vector of securities C if agent 2 is more risk averse and wants to take a position on C of the same direction 
as agent 1, but larger. 



Furthermore, comparison of prices (12) and (40 1 gives the exact measure and the direction of the price 



pressure that agents' strategic behavior creates on securities in C. For each j G {1, k}, we have that 

p* < pj if and only if Cov(C* J , B* ) < Cov(C* i , £ ), 

and Cov(Cj, £ — B*) can be considered as the measure of the price pressure that is created to security Cj by 
the strategic game played by the participating agents. In particular, the game causes upward price pressure 
if Cov(Cj,£ — B*) > and negative price pressure if Cov(Cj,£ — B*) < 0. For example in the case n = 2, 
Cov(Cj,£ — B*) equals to Cov(Cj , 71 £\ — 72^2): which is positive when agent 2 is more concerned 

about risk and he wants to take long position at equilibrium 1 ^] On the other hand, the Nash game causes 
a negative pressure on the price of asset Cj if the more risk averse agent wants to take a short position 
on it (which is good news for the low risk averse agent who takes the opposite position). Therefore, when 
(relatively few) agents negotiate an one-shot transaction of a bundle of financial securities, there is a price 
pressure caused by their strategic behavior which is in favor (in terms of utility gain) of low risk averse 
agents. As in the case of unconstrained risk sharing, agents have a motive to seek for more risk averse 
agents in the transaction of securities in C since trading with them will make the prices move for their part 
(being higher when they short and lower when then long) . This creates a potential formation of sub-group 
market of C involving homogenous only agents. 

Finally, as in the case of Proposition [HJ when the number of agents goes to infinity, the differences 
p*(n) — p(n) and a*(n) — aj(n) vanish (where the indication (n) refers to the market of n agents). This is 
stated in the following proposition. 

Proposition 10. Consider a sequence of agents with random endowments (£i)i £ N and risk aversion coeffi- 
cients (7i)i£N- If there exist constants M, c and C such that ||£;||l 2 (;f) < M and c < 7; < C for each i £ N, 
then as n — > 00 



13 Recall from equation l |13| that the allocation of agent 2 at Pareto equilibrium is Cov(C, ll£ 1 1 i ~2 / f 2 ) ■ Var-^C]. 

14 As the aggregate utility is concerned, its decrease caused by the agents' strategic behavior is less (more) when agents 
are more (less) risk averse. For this, we calculate that the aggregate decrease in utility that is caused by the agents' strategic 
behavior, that is J2?=i ^i( £ i + z i(P*) ' c ) ~ E?=i v i( £ i + ^i(p) ' c ) equals to 

n 

J2^(MP) - Zi(p*)) ■ (var[C] ■ (Z t (p) + Zj(p*))' +2Cov(£i, C)) . 

i=l 

It is then easily proved that for each agent i the term ^iZi(p — Zi(p*)) ■ ^Var[C] • (Z.;(p) + Z;(p*))' + 2Cov(£j, C)^ goes to 
zero as 7^ goes to infinity, whereas its limit as ■yi goes to zero is unbounded. 
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(i) \\p*(n) - p(n)|| -> and 
fuj ||a*(n) - a*(7i)|| -> 0, /or eac/i i G N. 

5 Conclusion 

This article provides an integrated theoretical model of the risk sharing inefficiency and the mispricing of 
OTC traded securities, that is based on the agents' strategic behavior regarding the risk they share. In the 
sections above, we introduce a risk sharing and a security pricing setting in which agents negotiate the risk 
that are going to share and the demand on given securities that are going to ask. We define the associate 
equilibria in both settings and under mean-variance preferences we extensively analyze and compare them. 

First, we model the strategic behavior of an individual agent i in (optimal) risk sharing markets by 
asking how much risk he should share given the aggregate endowment of the other agents, (i.e., the random 
variable If his criterion is the maximization of his mean- variance utility, the best endowment response 

is to share only a fraction of his true endowment, Si, and to report that he is also exposed to a position 
proportional to If there are exogenous factors that restrict the best response to a percentage of Si, it 
is shown that the best percentage response is an increasing function of p(Si,S-i). The differences between 
both of these responses and Si increase as the agent's risk aversion coefficient decreases. 

The question that follows is whether and how the market reaches an equilibrium point when all the 
participants apply the same strategic behavior. We introduce an abstract definition of this Nash equilibrium 
and state its existence and characterization in Theorem[l] In particular, it is shown that the aggregate shared 
risk is equal to the true aggregate one if and only if agents are homogeneous. Even in this case however, the 
risk allocation is not efficient and the transaction volume is lower. We then define as risk sharing inefficiency 
the difference between the aggregate utility under the optimal risk sharing rule and the aggregate utility 
under the Nash equilibrium allocation. This inefficiency is strictly positive for every non-trivial situation 
and goes to zero when agents' risk aversion or the number of agents go to infinity. 

The comparison of the Pareto (welfare optimal) equilibrium with the Nash equilibrium gives that agent 
with sufficiently low risk aversion gets more utility in Nash transaction. Furthermore, there exists a clear 
interaction of behaviors among agent in the sense that the ones with very low risk averse make the other agents 
behave as they were very risk averse and vise versa. An analogous situation occurs when agents negotiate the 
percentages of their true endowments that are going to share. In particular, the Nash percentage equilibrium 
game is beneficial for the low risk averse agents who have risky portfolios and the sharing of endowments is 
a good hedging or whose portfolios are (relatively) not very risky and sharing is not a good hedging. In any 
case, agents who aim to reduce their risk should look for counterparties of high risk aversion and negatively 
correlated endowments. Transactions that involve endowments of positive correlation, will eventually include 
homogenous only agents. 

Similar strategies can be applied to the situations where agents trade a given vector of securities. In 
such cases, it is supposed that an agent drives the market equilibrium prices to the ones that maximize his 
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quadratic utility by asking the appropriate demand schedule. It is shown that this so-called best demand 
response coincides with the demand function that corresponds to the best endowment response. When 
the same strategy is followed by all agents and the one-shot transaction allows a sequel of price-allocation 
negotiations, the equilibrium will be one of Nash type. We establish the exact definition and we provide its 
existence and uniqueness in Theorem [2] This equilibrium security prices can be thought as a game theoretic 
variation of the CAPM which is more appropriate in oligopoly security markets. This structure leaves the 
equilibrium prices unchanged only in the special case of homogeneous agents (although even in this case the 
volume of the equilibrium transactions and the induced agents' utility gains are reduced). When agents are 
heterogeneous, their strategic behavior may change the equilibrium prices heavily (e.g., high prices occur 
when risk averse agents have a very intense hedging need). Similarly to the previous case, the agents that 
benefit when such a game is played are the ones with low risk aversion and for whom the trading of given 
securities is not a very good hedging. As expected, Nash equilibrium prices converge to the Pareto ones 
when the number of agents increases to infinity. 



Appendix A 

Proof of Proposition [l] 

We have that for every C = (C 1; C n ) € A 

n n n 

wet + = - S 7< Var ^ + 



i—1 i—1 i—1 

Hence, it is enough to find C* G (L 2 (.F)) that minimizes the sum ^ 7.; Var[Ci + Si]. Note the for each 

i=l 

i G {1, -,n}, 

C* + Si = —£ 

7» 

and 

7 . i Var[C*+£ l ] = ^Var[£], 
7» 

where we recall that £ = 53i=i £»■ Therefore, 

n n 2 

V 7l Var[C* + Si] = V 1- Varfol = 7 Var[£ 1. 
t—i t—i 

It is then enough to show that 

71 

(44) Y 7< Var[Ci + Si] > 7 Var[£] , for every C e A. 

i=l 

or equivalently 

n 

(45) ^ 77,: Var[C t + £ t ] > 7 2 Var[£] , for every C E A. 

i=i 
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The left hand side of ( 45 ) equals to 



and inequality (45) follows by the convexity of Var[-] and the fact that Y^i=i @i = 0- 
The last part of the proposition follows directly. 

Proof of Proposition [5] 



We fix vector (£ 1; ...,£i_ 1: £ i+1: ...,£ n ) € (L 2 (J r ))™ 1 and from (24) (with a slight abuse of notation) we get 
that 

(7,-7) 2 



Gi(B) = E[£i] - ^Var[£] 

7« 



7» 



- Var[£, - B] - 2 ^ — ^ (Cov(£,£i - B) + Vax[B]) 



7t 



(46) 



27(27 - 7.) 



2ov(B,£ — £i). 



Hence, in order to solve problem (25), it is enough to find B £ L (J 7 ) that minimizes 



7» ~ 7 



Var[£ j - B] + Cov(£, £ % — B) + Var[B] + Cov(B, £ - £{) 1 



27 " ' V 7i - 7/ 

Since the above quantity is constant invariant, we may consider for now that E[B] = 0. Thus, we want to 
minimize function Wi : L 2 (J 7 ) — > K defined by 



W l (B)=E 



7i - 7 
27 



(£< - B) 2 +£{£ L -B) + B 2 +(l ' — ) B{£ - £ t ) 



7 

7» -7 



The minimum of Wi(-) can be obtained through its Frechet derivative. For this, we first show that the 
Frechet derivative of Wj(-) at Be L 2 (J r ) (denoted by B^/.^)) is given by 



D Wi {B)[X] =E 



7 



7 



7« ~ 7 



for every X 6 L 2 (J r ). In order to prove this statement, it is enough to get the following limit 



(47) 



\Wi(B + X)- Wi{B) - D Wi(B) [X] 



I WlL2(JF) 

as ||X|| L 2 ( ^) -> 0. Indeed, 

\Wi(B + X)-Wi(B)-D Wi{B) [X}\ _ f 7i + 7 \ \E[X 2 ] I _ / 7i +7 



1^1 



0. 



fflk= V 27 / \\x\\ h 2 V 27 

Note that function Wi(-) is strictly convex in L 2 (J r ) and hence, if there exists B* e L 2 (J r ) such that 
Dwi(B*)[X] = for each X g L 2 (J r ), then B* is the unique (in the class of L 2 (J r ) with expectation equal to 
zero) minimizer of Wi(-). Clearly, for B* given in (26), D\nr^B*)[X] = for every X € E 2 (T) which makes 
B* the best response of agent i. 
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Proof of Theorem [T] 

From Proposition [5] and the FOCs for the Nash equilibrium, we get that Nash equilibria are the solutions 
(B'i, £?*) E (L 2 (J r )) n of the following system of n linear equations 

2 n 

7i+7 7i 2 -7 2 ^ 3 

1 n 

(48) B* = -^—£ 2 + 2 7 

72 +7 7 2 2 ~7 2 ^ J 

2 n ~ 1 

B n = T + ~ 2 2^ 5 J 

7« + 7 7„ ~T ~{ 

We fix w g 57 and we are looking for B = (Bi, B n ) which solves the above linear system. For each 
i G {1, n}, we have that B* = ^£ + ^5 £™ =1 i?* - ^B* which gives ((34} and Since S;(w) 



is a linear combination of £i(w), £ n (uj), B* : Q — > R is a ^-measurable and in particular it belongs in 
L 2 (.F). 

Finally, it is left to observe that if B* = (B^, .... _B*) is a Nash equilibrium, every vector of the form B*+c, 



for c G K™ is also a Nash equilibrium, since it satisfies (33). The fact that this form of Nash equilibria is 



unique follows from the strict convexity of Gi(-). Equation (36) follows by straightforward calculations 



Proof of Proposition [8] 

We assume without loss of generality that E[£i] = for each i G N. It is enough to show that under the 



imposed assumptions the first term in (37), i.e., the sum Xa=i 7« Var[£j — B*} vanishes, as n goes to infinity. 



We fix n G N and for an arbitrarily chosen i G {1, n} we have 



2 / \ 4 / N 3 

2 



(49) WSi-BtW^l—^—) WW+l—^—) \\B*(n)\\-2l—^—) <£,B»), 

V7i+7-i/ \7i + 7-i/ V7i+7-i/ 

where (7_i) _1 = Y^j^i <B*(n) is the aggregated reported endowment of the n first agents, all mentioned 
norms are the L 2 (J r )-norms and (•, •) is the associated inner product. 

n / \ 2 n / 

E*(d£r.J l^ll 2 < 7 "* 



7t+7-</ ^\7i+7- 



MC 3 A I 
l) 2 



< 



("- 1 ) 2 S(7 l +7-,r 

MC 3 n(n - l) 2 
(n-1) 2 ((n- l)c + C) 5 
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which goes to zero as n — > oo. Also, 



\\B*(n) 



< 



1 



n ( i(n) 



||£(n)|| 2 + 7 H 2 



E 



2 7 (n)(£(n),£ 



1 



n 2 M 



C 2 



nC 2 



E 



^(n),E 



where 7 (n) and E (n) stands for the aggregate risk aversion and endowment of the n first agents. But, 



2 s n 2 M 



and 



1 n n 



n 2 M 



Therefore, we have the following estimation for the aggregated reported endowment of the n first agents 
(50) l|£»|| 2 < 



> „ M ( cn 2 + C 2 + 2nC 



1 



nC 2 



Also, Yh=i ( 7i X 7 '_, ) ^ , which together with ([50]) implies that 

n 

(51) £ 7 



J-i 

It + 7-> 



3 n^c^ 

C 2 



as n — > oo. Continuing with the terms in (49), we have 

3 



i=l 



7-i 



7i + 7- 



(£i,B*(n)) < 



C 4 



< 



c 4 



|B*(n)||Ell£ 



Ml is* H| | 



(52) 



C 4 w /en 2 + C 2 + 2nC* n 
< , Mj = >0 



c 7/2 n 2 



nC 2 



as n — >■ oo. From (49), (51) and (52) we get that the first term of (37) goes to zero as the number of agents 
approaches infinity. 

Proof of Theorem [2] 

Taking Proposition[7]into account, we conclude that the market equilibrates when the covariances Cov(C, B*) 
equilibrate. As we have seen in Theorem [l] this may happen for endowments B* given in ( |34| , which gives 
price ( 40 ) . The uniqueness of the Nash equilibrium price follows by the Standing Assumption [I] 

The equivalence of Nash equilibrium price and the Pareto equilibrium price when agents have common 
risk aversion is then induced by Corollary [2] (see also equation ( 12 )). Furthermore, (42 ) follows by Proposition 

m 
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Proof of Proposition [10 



We assume as usual that expectations are equal to zero and from (12 1 and (40) we have that 



||p» - p(n)|| = 2 7 (n)||Cov(C,B» -£(n))\\ < 2j(n)\\B*(n) - £{n) 



\ 3=1 



where the notation is the one introduced in the proof of Proposition [8j Therefore, it is enough to show that 
j(n)\\B* (n) — £(n)\\ vanishes as n —> oo. For sufficient large n, we have 

7 2 (") li^i - l{n)£{n) 



~/(n)\\B*(n)-£(n) 



E 



< 



< 



7 2 W 

,2 _ & 



TV) 



(n)£(n) - E^ 



i=i 



< 



C 2 



MC 2 



i 2 c 2 — nC 2 



(n 2 j(n)+nC) < 2- 



n 2 c 2 — nC 2 
nVMC 3 



ni {n)\\£{n)\\ 



E 



, 2 C 2 _ n (J2 







as n goes to oo. For item (ii), we fix an agent i and from (13) and (42), it is enough to show that 
|| Cov(C, C*(B*) — C*)\\ goes to zero as n — > oo. Following the steps above it suffices to show that 

\\c;(b*)-c:\\^o. 



\c*{b*)-c; 



l{n) 



£ % + l1 l( - n) B*(n)-£(n) 

li 



< + TM||B*(„) - £(n)\\ + fifi\\B*(n) 



li 



li 



li 



We have seen in the proof of item (i) that j(n)\\B*(n) — £(n)\\ — > 0. Also, since 7(71) < ^, : ^||£i|| -> 0. 



Finally, taking into account (50), we get that 7 2 (n)||S*(n)|| — > 0, which completes the proof. 
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